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E-46071 València, Spain

E-mail: Roberto.Bonciani@ific.uv.es

Giuseppe Degrassi

Dipartimento di Fisica, Università di Roma Tre and
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1. Introduction

The Higgs searches program at the TEVATRON and at the LHC requires from the the-

oretical side the highest possible level of accuracy in the prediction of the production

cross-sections and of all the decay channels. Over the years a lot of effort has been devoted

to the study of the QCD, and also EW, corrections to the various production mechanisms

and decays in the Standard Model and beyond (for a recent review see ref. [1]).

The gluon-fusion process gg → H + X [2] is the dominant production mechanism. Its

present knowledge includes the NLO [3 – 5] and NNLO QCD corrections [6] and the two-

loop EW corrections [7 – 9]. The QCD corrections to Higgs production at finite transverse

momentum have also been discussed [10]. While the NLO QCD corrections and the two-

loop EW light fermion contribution are known completely, namely for arbitrary value of the

Higgs mass and of the other relevant particles in the loops, the NNLO QCD corrections are

only known in the heavy top limit while the result for the two-loop EW top contribution

is valid only for intermediate Higgs mass, i.e. mH ≤ 2mW .
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The Higgs decay H → γγ [11] is, for light values of the boson mass, a very promising

channel. It has been studied in great detail including the NLO QCD [12, 13] and the

two-loop EW corrections [14, 8, 15, 16]. The NLO QCD corrections are now known in a

closed analytic form [13, 5], while for the EW corrections their knowledge is similar to that

of the gluon fusion process.

Given the importance of the Higgs physics program, it is highly desirable to have the

radiative corrections to the various reactions expressed in analytic form that can be eas-

ily implemented in computer codes. With respect to this, it should be recalled that the

complete result concerning the NLO QCD corrections to the gluon fusion process has been

reported in ref. [4] via a rather lengthy formula expressed in terms of a one-dimensional

integral representation. Actually the calculation of the two-loop light-fermion EW cor-

rections to the Higgs production and decay [8] has shown that corrections of this kind

can be calculated analytically, expressing the results in terms of Harmonic Polylogarithms

(HPL) [17], a generalization of Nielsen’s polylogarithms, and an extension of the HPL,

the so-called Generalized Harmonic Polylogarithms (GHPL) [18]. The idea lying behind

the introduction of (G)HPLs is to express a given integral coming from the calculation

of a Feynman diagram in a unique and non-redundant way as a linear combination of a

minimal set of independent transcendental functions. These functions are expressed as

repeated integrations over a starting set of basis functions and this set depends strongly

on the problem one has to solve, being connected directly to the threshold structure of the

diagrams under consideration.

An inspection of the threshold structure of the NLO QCD corrections to the gluon-

fusion process and to H → γγ decay shows that these corrections can be fully expressed

in terms of the original set of HPLs introduced in [17]. A FORTRAN program [19] and a

Mathematica package [20] that efficiently evaluate these functions are available.

The aim of this paper is to provide analytic expressions, in terms of HPLs, for the NLO

QCD corrections to the Higgs production cross section via gluon fusion, i.e. gg → H, in a

general form that can be applied both to the SM and to models beyond it, and, moreover,

to provide an independent check for the formulas already present in the literature. The

production mechanism is assumed to be mediated by colored fermion and scalar particles.

As a byproduct we also present the NLO QCD corrections to the Higgs decay into two

photons, i.e. H → γγ. A similar project has been carried out in ref. [5]. There, the authors

started from the result of ref. [4]1 expressed as a one-dimensional integral representation.

Expanding this result in a power series, employing the theorem that two analytic functions

are the same if their Taylor series are the same, they were able to rewrite it in terms of

HPLs. In our case we explicitly compute all the relevant Feynman diagrams, expressing

the result in term of HPLs. The calculational techniques we employed are the Laporta

algorithm [21] for the reduction to Master Integrals (MIs) and the differential equation

method [22] for their calculation (the calculation is implemented in FORM [23] codes). To

complete an independent check of the results presented in ref. [4] we also computed the

NLO QCD corrections to the pseudoscalar production and decay, i.e. gg → A, A → γγ.

1In ref. [4] the QCD corrections were considered only for the fermion contribution.
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The paper is organized as follows: in section 2 we discuss the QCD corrections to the

decay width H → γγ. Section 3 is devoted to the study of the Higgs production via the

gluon fusion mechanism. The following section contains the analytic expressions for the

virtual QCD corrections to the fermionic contribution in gg → A, A → γγ. Finally we

present our conclusions. We include also two Appendices. In the first one we collect the

expansions of the relevant functions in the two regimes: for Higgs mass much lighter than

the particles mediating the Higgs interaction with the vector bosons and in the opposite

case. In the second Appendix we collect the MIs not already present in the literature, that

enters the calculation of the NLO QCD corrections.

2. The H → γγ decay width

We begin by considering the decay width H → γγ. Being the Higgs boson electrically

neutral its coupling to the photon is mediated at the loop-level by charged particles. For

the latters we assume a vector boson neutral under SU(Nc), a fermion and a scalar particle

in a generic R1/2, R0 SU(Nc) representation, respectively, whose coupling’s strengths to

the Higgs are:

HV V = g λ1 mW , HFF = g λ1/2

m1/2

2mW

, HSS = g λ0
A2

mW

, (2.1)

where g is the SU(2) coupling, mW is the W mass, m1/2 is the fermion mass, A is a generic

coupling with the dimension of mass and λi are numerical coefficients2.

The partial decay width for the reaction H → γγ can be written as:

Γ(H → γγ) =
Gµα2m3

H

128
√

2π3
|F|2 , (2.2)

where the function F can be organized with respect to the lowest order term and its QCD

corrections as:

F = λ1 Q2
1 N1 F1 + λ1/2 Q2

1/2 N1/2F1/2 + λ0 Q2
0 N0

A2

m2
0

F0 , (2.3)

where m0 is the mass of the scalar particle, while Qi and Ni, i = 0, 1/2, 1, are the electric

charges and the representation numbers under SU(Nc) of the scalar, fermion and vector

boson particles, respectively.

Writing:

Fi = F (1l)
i + F (2l)

i + . . . (2.4)

we have at the one-loop level

F (1l)
1 = 2(1 + 6y1) − 12y1(1 − 2y1)H(0, 0, x1) , (2.5)

F (1l)
1/2 = −4y1/2

[

2 −
(

1 − 4y1/2

)

H(0, 0, x1/2)
]

, (2.6)

F (1l)
0 = 4y0 [1 + 2 y0 H(0, 0, x0)] . (2.7)

2The SM is recovered with λ1 = λ1/2 = 1, λ0 = 0, Nc = 3 and R1/2 = 3.
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Figure 1: The Feynman diagrams for the decay process H, A → γγ. Diagrams (a)–(d) have a

fermion, labeled by f , running in the loop, while diagrams (e)–(n) have a scalar, labeled by s .

In eqs. (2.5)–(2.7)

yi ≡
m2

i

m2
H

, xi ≡
√

1 − 4yi − 1√
1 − 4yi + 1

, (2.8)

with m1 the mass of the vector particle and, employing the standard notation for the HPLs,

H(0, 0, z) labels a HPL of weight 2 that results to be3

H(0, 0, z) =
1

2
log2(z) . (2.9)

The QCD corrections to the lowest order result can be written as

F (2l)
QCD =

αs

π

∑

i=(0,1/2)

C(Ri)F (2l)
i , (2.10)

where C(R) is the Casimir factor of the Ri representation (in particular, for the fundamen-

tal and the adjoint representations of SU(Nc) we have CF = (N2
c −1)/(2Nc) and CA = Nc,

respectively). We consider first the fermion contribution (the relevant Feynman diagrams

are shown in figure 1 (a)–(d)).

The expression for F (2l)
1/2 depends upon the renormalized mass parameter employed. In

the case of MS quark masses we have

F (2l)
1/2 = F (2l,a)

1/2 (x1/2) + F (2l,b)
1/2 (x1/2) ln

(

m2
1/2

µ2

)

, (2.11)

3All the analytic continuations are obtained with the replacement −m2

H → −m2

H − iε
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where µ is the ’t Hooft mass and

F (2l,a)
1/2 (x) =

36x

(x − 1)2
− 4x

(

1 − 14x + x2
)

(x − 1)4
ζ3 −

4x(1 + x)

(x − 1)3
H(0, x)

−8x
(

1 + 9x + x2
)

(x − 1)4
H(0, 0, x) +

2x
(

3 + 25x − 7x2 + 3x3
)

(x − 1)5
H(0, 0, 0, x)

+
4x

(

1 + 2x + x2
)

(x − 1)4
[ζ2H(0, x) + 4H(0,−1, 0, x) − H(0, 1, 0, x)]

+
4x

(

5 − 6x + 5x2
)

(x − 1)4
H(1, 0, 0, x) − 8x

(

1 + x + x2 + x3
)

(x − 1)5
H1(x) , (2.12)

F (2l,b)
1/2 (x) = − 12x

(x − 1)2
− 6x(1 + x)

(x − 1)3
H(0, x) +

6x
(

1 + 6x + x2
)

(x − 1)4
H(0, 0, x) , (2.13)

with

H1(x) =
9

10
ζ2

2 + 2ζ3H(0, x) + ζ2H(0, 0, x) +
1

4
H(0, 0, 0, 0, x) +

7

2
H(0, 1, 0, 0, x)

−2H(0,−1, 0, 0, x) + 4H(0, 0,−1, 0, x) − H(0, 0, 1, 0, x) . (2.14)

In eqs. (2.12), (2.14) ζn ≡ ζ(n) are the Riemann’s zeta functions.

The expression for F (2l)
1/2 in case the one-loop result is given in terms of on-shell fermion

masses is given instead by:

F (2l)
1/2 = F (2l,a)

1/2 (x1/2) +
4

3
F (2l,b)

1/2 (x1/2) . (2.15)

Eq. (2.15) is in agreement with the results presented in [13, 5].

We now present the scalar contribution, F (2l)
0 , assuming that both the mass of the

scalar, m0, and the coupling A are renormalized in the MS scheme (the relevant Feynman

diagrams are shown in figure 1 (e)–(n)). We find

F (2l)
0 = F (2l,a)

0 (x0) +
(

F (2l,b)
0 (x0) + F (2l,c)

0 (x0)
)

ln

(

m2
0

µ2

)

, (2.16)

where

F (2l,a)
0 (x) = − 14x

(x − 1)2
− 24x2

(x − 1)4
ζ3 +

x
(

3 − 8x + 3x2
)

(x − 1)3(x + 1)
H(0, x) +

34x2

(x − 1)4
H(0, 0, x)

− 8x2

(x − 1)4
[ζ2H(0, x) + 4H(0,−1, 0, x) − H(0, 1, 0, x) + H(1, 0, 0, x)]

−2x2(5 − 11x)

(x − 1)5
H(0, 0, 0, x) +

16x2
(

1 + x2
)

(x − 1)5(x + 1)
H1(x) , (2.17)

F (2l,b)
0 (x) =

6x2

(x − 1)3(x + 1)
H(0, x) − 6x2

(x − 1)4
H(0, 0, x) , (2.18)

F (2l,c)
0 (x) = −3

4
F (1l)

0 . (2.19)

We provide also F (2l)
0 assuming that the mass of the scalar is renormalized on-shell

while the A coupling is still given as an MS one. It reads

F (2l)
0 = F (2l,a)

0 (x0) +
7

3
F (2l,b)

0 (x0) + F (2l,c)
0 (x0) ln

(

m2
0

µ2

)

. (2.20)
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Figure 2: The Feynman diagrams for the production mechanism gg → H, A. Diagrams (a)–(h)

have a fermion, labeled by f , running in the loop, while diagrams (i)–(x ) have a scalar, labeled by

s .

3. Virtual corrections to gg → H production mechanism

In this section we present the analytic expressions for the virtual two-loop QCD corrections

for Higgs boson production via the gluon fusion mechanism. Being the Higgs boson neutral

under SU(Nc), its coupling to the gluons is mediated by a loop of colored particles. As in

section 2, we consider a fermion and a scalar particle, that run in the loops. The Feynman

diagrams relevant for the NLO corrections to the production cross section are shown in

figure 2.

The hadronic cross section can be written as:

σ(h1 + h2 → H + X) =
∑

a,b

∫ 1

0
dx1dx2 fa,h1

(x1, µ
2
F ) fb,h2

(x2, µ
2
F ) ×

×
∫ 1

0
dz δ

(

z − τH

x1x2

)

σ̂ab(z) , (3.1)

where τH = m2
H/s, µF is the factorization scale, fa,hi

(x, µ2
F ), the parton density of the

colliding hadron hi for the parton of type a, (a = g, q, q̄) and σ̂ab the cross section for the

– 6 –
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partonic subprocess ab → H + X at the center-of-mass energy ŝ = x1x2s = m2
H/z. The

latter can be written as:

σ̂ab(z) = σ(0) z Gab(z) , (3.2)

where

σ(0) =
Gµα2

s(µ
2
R)

128
√

2 π

∣

∣

∣

∣

∣

∣

∑

i=0,1/2

λi

(

A2

m2
0

)1−2i

T (Ri)G(1l)
i

∣

∣

∣

∣

∣

∣

2

(3.3)

is the Born-level contribution with G(1l)
i = F (1l)

i and T (Ri) are the matrix normalization

factors of the Ri representation (T (R) = 1/2 for the fundamental representation of SU(Nc),

T (R) = Nc for the adjoint one).

Up to NLO contributions we can write

Gab(z) = G
(0)
ab (z) +

αs(µ
2
R)

π
G

(1)
a,b(z) , (3.4)

with

G
(0)
ab (z) = δ(1 − z) δag δbg , (3.5)

G(1)
gg (z) = δ(1 − z)



CA
π2

3
+ β0 ln

(

µ2
R

µ2
F

)

+
∑

i=0,1/2

G(2l)
i



 + . . . (3.6)

The dots in eq. (3.6) represent the contribution from the real emission that we have not

written as well as the other NLO factors G
(1)
gq (z), G

(1)
qq (z), G

(1)
qq̄ (z). In eq. (3.6) β0 =

(11CA −4nf T (Rf )−ns T (Rs)/6 with nf (ns) the number of active fermion (scalar) flavor

in the representation Rf (Rs).

The function G(2l)
i can be cast in the following form:

G(2l)
i = λi

(

A2

m2
0

)1−2i

T (Ri)

(

C(Ri)G(2l,CR)
i (xi) + CA G(2l,CA)

i (xi)

)

×





∑

j=0,1/2

λj

(

A2

m2
0

)1−2j

T (Rj)G(1l)
j





−1

+ h.c. (3.7)

with G(2l,CR)
i = F (2l)

i . The infrared regularized functions G(2l,CA)
i , after subtraction of the

infrared poles, are found to be:

G(2l,CA)
1/2 (x) =

4x

(x − 1)2

[

3 +
x(1 + 8x + 3x2)

(x − 1)3
H(0, 0, 0, x) − 2(1 + x)2

(x − 1)2
H2(x)

+ ζ3 − H(1, 0, 0, x)

]

, (3.8)

G(2l,CA)
0 (x) =

4x

(x − 1)2

[

−3

2
+

x(1 − 7x)

(x − 1)3
H(0, 0, 0, x) +

4x

(x − 1)2
H2(x)

]

, (3.9)
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with

H2(x) =
4

5
ζ2

2 + 2ζ3 +
3ζ3

2
H(0, x) + 3ζ3H(1, x) + ζ2H(1, 0, x) +

1

4
(1 + 2ζ2) H(0, 0, x)

−2H(1, 0, 0, x) + H(0, 0,−1, 0, x) +
1

4
H(0, 0, 0, 0, x) + 2H(1, 0,−1, 0, x)

−H(1, 0, 0, 0, x) . (3.10)

The analytic expression of G(2l)
1/2 is in agreement with that reported in ref. [5] based on the

results presented in ref. [4].

4. Pseudoscalar Higgs: A → γγ and gg → A

To complete an independent check of the results of ref. [4] in this section we consider the

virtual NLO QCD corrections to the decay width of a pseudo-scalar particle A in two

photons, Γ(A → γγ), and to its production cross section via gluon fusion, σ̂(gg → A).

As in ref. [4] we assume the interaction of the A particle with gluons mediated only

by the top quark. Because the NLO QCD corrections to these two processes are calcu-

lated in Dimensional Regularization, a prescription for the γ5 matrix is needed. We use

the same prescription of ref. [4], i.e. ’t Hooft–Veltman one [24], that, as it is well known,

breaks manifestly Ward Identities. The latters need to be restored explicitly, with a finite

renormalization. If ZHff̄ and ZAff̄ are the renormalization constants of the vertex Hff̄ ,

scalar Higgs-fermion-antifermion, and Aff̄ , pseudo-scalar Higgs-fermion-antifermion, re-

spectively, the contribution of the finite renormalization can be found using [4, 25]:

ZAff̄ = ZHff̄ + 2CF
αS

π
. (4.1)

4.1 Decay Width A → γγ

In analogy with eq. (2.2), we write:

Γ(A → γγ) =
Gµα2m3

A

128
√

2π3
|E|2 . (4.2)

Assuming the strength of the coupling of the pseudoscalar to the top quark equal to Att =

g ηt mt/(2mW ), with mt the top mass and ηt a numerical coefficient, the function E can be

written as (Qt = 2/3):

E = ηt Q2
t Nc

[

E(1l)
t +

αS

π
CFE(2l)

t + . . .
]

. (4.3)

The leading order term is

E(1l)
t = 4 ytH(0, 0, xt) , (4.4)

where yt, xt are given by eq. (2.8) with i = t. At the NLO, assuming an MS top mass we

have:

E(2l)
t = E(2l,a)

t (xt) + E(2l,b)
t (xt) ln

(

m2
t

µ2

)

, (4.5)

– 8 –
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where:

E(2l,a)
t (x) = − 4x

(x − 1)2
[ζ3 − 4H(0,−1, 0, x) + H(0, 1, 0, x) − 5H(1, 0, 0, x)]

+
4x

[

2(1 − x)2 − ζ2(1 − x2)
]

(x − 1)3(1 + x)
H(0, x) +

8x(1 − x2)

(x − 1)3(1 + x)
H(0, 0, x)

+
6x(1 + x)

(x − 1)3
H(0, 0, 0, x) − 8x(1 + x2)

(x − 1)3(1 + x)
H1 , (4.6)

E(2l,b)
t (x) = − 6x

(x − 1)(1 + x)
H(0, x) +

6x

(x − 1)2
H(0, 0, x) . (4.7)

The corresponding expression for an OS top mass is given by:

E(2l)
t = E(2l,a)

t (xt) +
4

3
E(2l,b)

t (xt) . (4.8)

4.2 Production Cross Section gg → A

The expressions for the relevant quantities in the gg → A production cross section can be

easily obtained from those in section 3, with the substitutions: T (Ri) → 1/2, C(Ri) →
CF , F → E , G → K. In particular, the Born-level partonic cross section (eq. (3.3)) is:

σ(0) =
Gµα2

s(µ
2
R)

128
√

2 π

∣

∣

∣

∣

1

2
ηt K(1l)

t

∣

∣

∣

∣

2

, (4.9)

with K(1l)
t = E(1l)

t . The NLO virtual contribution to the gluon fusion subprocess (eq. (3.6))

is:

G(1)
gg (z) = δ(1 − z)

[

CA
π2

3
+ β0 ln

(

µ2
R

µ2
F

)

+ K(2l)
t

]

, (4.10)

where β0 = (11CA − 2nf )/6, with nf the number of active flavor, and

K(2l)
t =

(

K(1l)
t

)−1
(

CF K(2l,CF )
t (xt) + CA K(2l,CA)

t (xt)

)

+ h.c. (4.11)

with K(2l,CF )
t = E(2l)

t and

K(2l,CA)
t (x) =

4x

(x − 1)2
[ζ3 − H(1, 0, 0, x) − 2H2(x)] +

12x2

(x − 1)3
H(0, 0, 0, x) . (4.12)

Eqs. (4.8), (4.11) are in agreement with the corresponding expressions presented in ref. [5].

5. Conclusions

In this paper, we considered the virtual NLO QCD corrections to the processes H → γγ

and gg → H. We assumed the coupling of the Higgs boson to the photons and gluons

to be mediated by fermionic and scalar loops. We provided analytic formulas for these

corrections that are valid for arbitrary mass of the fermion or scalar particle running in the
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loops and of the Higgs boson. They are given in a very compact form as a combination of

HPLs.

The calculation here presented was done using the Laporta algorithm for the reduction

of the scalar integrals to the MIs and the differential equations method for the evaluation

of the latters. A part of the MIs needed for the calculation was already known in the

literature. We explicitly give the analytic results for the MIs that were not known.

We checked our results for the decay width of the Higgs boson in two photons and for

the partonic cross section of the gluon fusion by performing an independent calculation in

the region of small Higgs mass via an asymptotic expansion in the variable r ≡ m2
H/m2 ¿ 1,

with m the mass of the fermion or scalar particle, up to the first 4-5 orders.

We considered also the NLO virtual QCD corrections to A → γγ and gg → A assuming

the coupling of the pseudoscalar boson to the external particles mediated by a fermion.

We find complete agreement with the results previously known in the literature con-

cerning the production and decay of a (pseudo)scalar Higgs boson mediated by fermionic

loops. This provides an independent check of the formulas given in refs.[4, 5] and extends

them to the case of a scalar particle running in the loops.
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Note added. After our work was completed a paper on a similar subject has appeared

on the Web [27]. We did not check yet our formulas against theirs.

A. Results in the low and high higgs mass regimes

In this Appendix we present approximate results that are valid in regions in which the

mass of the Higgs boson is either much smaller or much larger than that of the particle

running in the loop.

A.1 H → γγ

The expansions of eqs. (2.5)–(2.7) with respect to ri = m2
H/m2

i , when ri ¿ 1 read:

F (1l)
1 (r) = 7 +

11

30
r +

19

420
r2 +

29

4200
r3 +

41

34650
r4 + O

(

r5
)

, (A.1)

F (1l)
1/2 (r) = −4

3
− 7

90
r − 1

126
r2 − 13

12600
r3 − 8

51975
r4 + O

(

r5
)

, (A.2)

F (1l)
0 (r) = −1

3
− 2

45
r − 1

140
r2 − 2

1575
r3 − 1

4158
r4 + O

(

r5
)

, (A.3)
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while in the opposite case, ri À 1 we find:

F (1l)
1 (r) = 2 +

(

12 − 6 ln2(−r)
) 1

r
+

(

24 ln(−r) + 12 ln2(−r)
) 1

r2
+ O

(

1

r3

)

, (A.4)

F (1l)
1/2 (r) = −

(

8 − 2 ln2(−r)
) 1

r
−

(

8 ln(−r) + 8 ln2(−r)
) 1

r2
+ O

(

1

r3

)

, (A.5)

F (1l)
0 (r) =

4

r
+ 4 ln2(−r)

1

r2
+ O

(

1

r3

)

. (A.6)

The expansions of eqs. (2.15), (2.20) when ri ¿ 1 are

F (2l,a)
1/2 (r) = 1 − 19

270
r − 104

14175
r2 − 6313

15876000
r3 +

5083

74844000
r4 + O

(

r5
)

, (A.7)

F (2l,b)
1/2 (r) = − 7

60
r − 1

42
r2 − 13

2800
r3 − 16

17325
r4 + O

(

r5
)

, (A.8)

F (2l,a)
0 (r) = −3

4
− 29

216
r − 4973

226800
r2 − 3137

882000
r3 − 1180367

2095632000
r4 + O

(

r5
)

, (A.9)

F (2l,b)
0 (r) = −1

4
− 1

15
r − 9

560
r2 − 2

525
r3 − 5

5544
r4 + O

(

r5
)

, (A.10)

(A.11)

while in the opposite regime we have:

F (2l,a)
1/2 (r) = −

[

36 +
36

5
ζ2(2) − 4ζ(3) − 4(1 + ζ(2) + 4ζ(3)) ln(−r) − 4(1 − ζ(2)) ln2(−r)

+ ln3(−r) +
1

12
ln4(−r)

]1

r
−

[

48 + 8ζ(2) − 144

5
ζ2(2) − 16ζ(3)

+16(1 + 4ζ(3)) ln(−r) + 2(11 − 8ζ(2)) ln2(−r) − 12 ln3(−r)

−1

3
ln4(−r)

] 1

r2
+ O

(

1

r3

)

, (A.12)

F (2l,b)
1/2 (r) =

[

12 + 6 ln(−r) − 3 ln2(−r)
] 1

r
−

[

12 − 24 ln2(−r)
] 1

r2
+ O

(

1

r3

)

, (A.13)

F (2l,a)
0 (r) = [14 − 3 ln(−r)]

1

r
+

[

6 − 72

5
ζ2(2) − 24ζ(3) − 8(1 − ζ(2) − 4ζ(3)) ln(−r)

+(17 − 8ζ(2)) ln2(−r) − 5

3
ln3(−r) − 1

6
ln4(−r)

] 1

r2
+ O

(

1

r3

)

, (A.14)

F (2l,b)
0 (r) =

[

6 ln(−r) − 3 ln2(−r)
] 1

r2
+ O

(

1

r3

)

. (A.15)

The imaginary part of the expressions in eqs. (A.4)–(A.6) and (A.12–A.15) can be easily

recovered via the substitution

ln (−r − iε) → ln r − iπ . (A.16)

A.2 gg → H

The expansions of eqs. (3.8), (3.9) when ri ¿ 1 are

2G(2l,CA)
1/2 (r) = −10

3
− 29

540
r − 1

3780
r2 +

29

84000
r3 +

3329

37422000
r4 + O

(

r5
)

, (A.17)

2G(2l,CA)
0 (r) = −1

3
− 2

135
r +

1

7560
r2 +

29

94500
r3 +

1433

14968800
r4 + O

(

r5
)

, (A.18)
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while in the opposite regime we have:

2G(2l,CA)
1/2 (r) = −

[

24 − 64

5
ζ2(2) − 24ζ(3) + 24ζ(3) ln(−r) − 2(1 + 2ζ(2)) ln2(−r)

−1

6
ln3(−r)

]1

r
+

[

56 + 16ζ(2) − 256

5
ζ2(2) − 128ζ(3) + 16(1 + 6ζ(3)) ln(−r)

−4(1 + 4ζ(2)) ln2(−r) − 8

3
ln3(−r) − 2

3
ln4(−r)

] 1

r2
+ O

(

1

r3

)

, (A.19)

2G(2l,CA)
0 (r) =

12

r
+

[128

5
ζ2(2) + 64ζ(3) − 48ζ(3) ln(−r) + 4(1 + 2ζ(2)) ln2(−r)

+
4

3
ln3(−r) +

1

3
ln4(−r)

] 1

r2
+ O

(

1

r3

)

, (A.20)

The imaginary part of the expressions in eqs. (A.19), (A.20) can be easily recovered via

the substitution of eq. (A.16).

A.3 A → γγ and gg → A

The expansion of the one-loop result (eq. (4.4)) when r ≡ m2
A/m2

t ¿ 1 is

E(1l)
t (r) = −2 − 1

6
r − 1

45
r2 − 1

280
r3 − 1

1575
r4 + O

(

r5
)

, (A.21)

while for r À 1: we have:

E(1l)
t (r) = 2 ln2(−r)

1

r
− 8 ln(−r)

1

r2
+ O

(

1

r3

)

. (A.22)

The expansions of eqs. (4.6), (4.7) when r ¿ 1 read

E(2l,a)
t (r) = −1

3
r − 19

360
r2 − 3533

453600
r3 − 151

141120
r4 + O

(

r5
)

, (A.23)

E(2l,b)
t (r) = −1

4
r − 1

15
r2 − 9

560
r3 − 2

525
r4 + O

(

r5
)

, (A.24)

while in the opposite regime we have:

E(2l,a)
t (r) = −

[36

5
ζ2
2 − 4ζ3 + 4(2 − ζ2 − 4ζ3) ln(−r) − 4(1 − ζ2) ln2(−r) + ln3(−r)

+
1

12
ln4(−r)

]1

r
−

[

24 + 8ζ2 + 32ζ3 + 8(3 − 2ζ2) ln(−r) − 22 ln2(−r)

−8

3
ln3(−r)

] 1

r2
+ O

(

1

r3

)

, (A.25)

E(2l,b)
t (r) =

[

6 ln(−r) − 3 ln2(−r)
]1

r
−

[

12 − 24 ln(−r)
] 1

r2
+ O

(

1

r3

)

. (A.26)

For eq. (4.12) in the limit r ¿ 1, finally, we have:

K(2l,CA)
t (r) = −2 − 1

24
r +

29

60480
r3 +

53

378000
r4 + O

(

r5
)

, (A.27)
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Figure 3: The Master Integrals necessary for the computation of the two-loop QCD corrections

to gg → H and H → γγ.

and for r À 1:

K(2l,CA)
t (r) =

[32

5
ζ2
2 + 12ζ3 − 12ζ3 ln(−r) + (1 + 2ζ2) ln2(−r) +

1

12
ln4(−r)

]1

r

+
[

28 + 8ζ2 + 8 ln(−r) + 2 ln2(−r)
] 1

r2
+ O

(

1

r3

)

. (A.28)

The imaginary part of the expressions in eqs. (A.25), (A.26), (A.28) can be easily

recovered via the substitution of eq. (A.16).

B. Master integrals for the two-loop QCD corrections

This Appendix is devoted to the analytic expressions of the MIs involved in the calculation.

They are 11, as it is shown in figure 3.

The diagrams (e) and (g)–(k) can be found in [26]. Diagrams (a)–(d) and (f) are listed

below. The integrals are performed in Euclidean D-dimensional space and expanded in

Laurent series of ε = (2− D/2). The mass of the particles running in the loops is denoted

by m, while µ is the unit of mass of the Dimensional Regularization. The variable x is

defined in eq. (2.8).

A common prefactor of
(

µ2

m2

)2ε

π2(2−ε) Γ2(1 + ε) (B.1)

is understood and not explicitly shown in the formulas below.

All the results of this section can be obtained in an electronic form by downloading

the source files of this manuscript from http://www.arxiv.org.

B.1 Topology t = 4

=

1
∑

i=−2

εiF
(1)
i + O

(

ε2
)

, (B.2)
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where:

F
(1)
−2 =

1

2
, (B.3)

F
(1)
−1 =

1

2
, (B.4)

F
(1)
0 = −5

2
− H(0, 0, x) − x

(x − 1)2
[4ζ(3) − 2H(0, 0, 0, x) − 4H(1, 0, 0, x)]

+
2(1 + x)

(x − 1)
H(0, x), (B.5)

F
(1)
1 = −35

2
− 2H(0, 1, 0, x) +

1

(x − 1)2

{8

5
ζ2(2)x +(3x2−10x+3)ζ(3) − 2(x2 − 1)ζ(2)

+[12(x2 − 1)+(x − 1)2ζ(2) −6xζ(3)]H(0, x) − [7 − 2x − 9x2+2xζ(2)]H(0, 0, x)

+[4(x2 − 1) − 4xζ(2)]H(1, 0, x) − 12(x2 − 1)H(−1, 0, x) − [3x2 − 8x + 3] ×
×H(0, 0, 0, x)+6(x − 1)2H(0,−1, 0, x)+2(1+x2)H(1, 0, 0, x) − x

[

12ζ(3)H(1, x)

+12H(0, 0,−1, 0, x) − 6H(0, 0, 0, 0, x) − 4H(0, 0, 1, 0, x) + 4H(0, 1, 0, 0, x)

+24H(1, 0,−1, 0, x)−12H(1, 0, 0, 0, x)−8H(1, 0, 1, 0, x)+8H(1, 1, 0, 0, x)
]}

. (B.6)

B.2 Topology t = 5

= F
(2)
0 + O (ε) , (B.7)

where:

m2F
(2)
0 =

x

(x − 1)2

{

−12

5
ζ2(2) − 4ζ(3)[H(0, x) + 2H(1, x)] + 2H(0, 0, 0, 0, x)

+4H(0, 1, 0, 0, x) + 4H(1, 0, 0, 0, x) + 8H(1, 1, 0, 0, x)
}

. (B.8)

= F
(3)
0 + O

(

ε2
)

, (B.9)

where:

m2F
(3)
0 =

x

(x − 1)2

[

ζ2(2) + ζ(2)H(0, 0, x) + 2ζ(2)H(1, 0, x) + H(0, 0, 1, 0, x)

+2H(0, 1, 0, 0, x)+3H(1, 0, 0, 0, x)+2H(1, 0, 1, 0, x)+4H(1, 1, 0, 0, x)
]

. (B.10)

For the following MI we have chosen the scalar integral with a scalar product k1 · k2

on the numerator, k1 and k2 being the two momenta of integration. While the results of
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the other MIs here given do not depend on the routing, F
(4)
i do. The five denominators

of the MI under consideration are: D1 = [k2
1 + m2], D2 = k2

2 , D3 = [(p1 − k1)
2 + m2],

D4 = [(p1 − k1 + k2)
2 + m2], D5 = [(p2 + k1 − k2)

2 + m2].

(k1 · k2) =

1
∑

i=−2

εiF
(4)
i + O

(

ε2
)

, (B.11)

where:

F
(4)
−2 =

1

2
, (B.12)

F
(4)
−1 = 2 , (B.13)

F
(4)
0 = 8 +

1

2(x − 1)2

{

3(x2 − 1)ζ(2) − [9(x2 − 1) + ζ(2)(1 + x2)]H(0, x)

+(4 − x + x2)H(0, 0, x) − 3x2H(0, 0, 0, x)
}

+
1 + x

2(x − 1)
[4H(−1, 0, x)

+H(1, 0, x)] − 1 + x2

2(x − 1)2
[2H(1, 0, 0, x) + H(0, 1, 0, x)] , (B.14)

F
(4)
1 = 29 +

1

2(x − 1)2

{2

5
(8x2 − 1)ζ2(2) + 14(x2 − 1)ζ(2) − (11 − x + 2x2)ζ(3)

−[35(x2 − 1) + (8 − 3x + x2)ζ(2) + (1 − 10x2)ζ(3)]H(0, x) + [(x2 − 1)ζ(2)

+10(1 + x2)ζ(3)]H(1, x) + [19 + 7x − 18x2 + (4x2 − 3)ζ(2)]H(0, 0, x)

−[3(x2−1) − 4(1+x2)ζ(2)]H(1, 0, x) +(1+x2)
[

ζ(2)(2H(0,−1, x)−H(0, 1, x))

+H(0,−1, 0, 0, x) + 2H(0,−1, 1, 0, x) + 2H(0, 1,−1, 0, x) − 2H(0, 1, 1, 0, x)

+12H(1, 0,−1, 0, x) − 5H(1, 0, 0, 0, x) − 2H(1, 0, 1, 0, x) + 4H(1, 1, 0, 0, x)
]

+(2x2−x+8)H(0, 0, 0, x) − 2(10−5x + 7x2)H(0,−1, 0, x) + 2(1−x + 3x2) ×
×H(0, 1, 0, x) − (13 − 10x + 9x2)H(1, 0, 0, x) + 2(9x2 − 2)H(0, 0,−1, 0, x)

−9x2H(0, 0, 0, 0, x) − (1 + 5x2)H(0, 0, 1, 0, x)
}

− 1 + x

2(x − 1)
[6ζ(2)H(−1, x)

−34H(−1, 0, x) + 8H(−1,−1, 0, x) − 3H(−1, 0, 0, x) + 2H(−1, 1, 0, x)

+2H(1,−1, 0, x) − 2H(1, 1, 0, x) − 3H(−1, 0, 0, 0, x) − 7H(0, 1, 0, 0, x)] . (B.15)

B.3 Topology t = 6

=

0
∑

i=−1

εiF
(5)
i + O

(

ε2
)

, (B.16)

– 15 –



J
H
E
P
0
1
(
2
0
0
7
)
0
2
1

where:

F
(5)
−1 =

4x2

m4(x − 1)4
[−3ζ(3) − ζ(2)H(0, x) − 2H(0,−1, 0, x) + H(0, 0, 0, x)] , (B.17)

F
(5)
0 =

4x2

m4(x − 1)4

[

−16

5
ζ2(2) − 11ζ(3)H(0, x) − 12ζ(3)H(1, x) − 5ζ(2)H(0, 0, x)

+4ζ(2)H(0,−1, x) − 2ζ(2)H(0, 1, x) − 4ζ(2)H(1, 0, x) + 3H(0, 0, 0, 0, x)

+2H(0, 0, 1, 0, x) + 2H(0, 1, 0, 0, x) + 4H(1, 0, 0, 0, x) + 16H(0,−1,−1, 0, x)

−10H(0,−1, 0, 0, x) − 4H(0,−1, 1, 0, x) − 4H(0, 1,−1, 0, x) − 8H(1, 0,−1, 0, x)

−14H(0, 0,−1, 0, x)
]

. (B.18)
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[20] D. Mâıtre, HPL, a Mathematica implementation of the harmonic polylogarithms, Comput.

Phys. Commun. 174 (2006) 222 [hep-ph/0507152].

– 18 –

http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB720%2C182
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB720%2C182
http://arxiv.org/abs/hep-ph/0501098
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB106%2C292
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=SJNCA%2C30%2C711
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=ZEPYA%2CC18%2C69
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD42%2C3760
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB257%2C187
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD47%2C1264
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB311%2C255
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB311%2C255
http://arxiv.org/abs/hep-ph/9305335
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB312%2C179
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB312%2C179
http://arxiv.org/abs/hep-ph/9302281
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=MPLAE%2CA9%2C1189
http://arxiv.org/abs/hep-ph/9612395
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB584%2C294
http://arxiv.org/abs/hep-ph/0401090
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB396%2C225
http://arxiv.org/abs/hep-ph/9605310
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD53%2C3737
http://arxiv.org/abs/hep-ph/9508334
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB724%2C183
http://arxiv.org/abs/hep-ph/0504137
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB702%2C333
http://arxiv.org/abs/hep-ph/0405232
http://arxiv.org/abs/hep-th/9803091
http://arxiv.org/abs/hep-ph/9905237
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB698%2C277
http://arxiv.org/abs/hep-ph/0401193
http://arxiv.org/abs/hep-ph/0107173
http://arxiv.org/abs/hep-ph/0507152


J
H
E
P
0
1
(
2
0
0
7
)
0
2
1

[21] S. Laporta and E. Remiddi, The analytical value of the electron (g − 2) at order α3 in QED,

Phys. Lett. B 379 (1996) 283 [hep-ph/9602417];

S. Laporta, High-precision calculation of multi-loop Feynman integrals by difference

equations, Int. J. Mod. Phys. A 15 (2000) 5087 [hep-ph/0102033];

C. Anastasiou and A. Lazopoulos, Automatic integral reduction for higher order perturbative

calculations, JHEP 07 (2004) 046 [hep-ph/0404258];

F. V. Tkachov, A theorem on analytical calculability of four loop renormalization group

functions, Phys. Lett. B 100 (1981) 65;

G. Chetyrkin and F. V. Tkachov, Integration by parts: the algorithm to calculate beta

functions in 4 loops, Nucl. Phys. B 192 (1981) 159;

T. Gehrmann and E. Remiddi, Differential equations for two-loop four-point functions, Nucl.

Phys. B 580 (2000) 485 [hep-ph/9912329].

[22] A. V. Kotikov, Differential Equations Method: New Technique For Massive Feynman

Diagrams Calculation, Phys. Lett. B 254 (1991) 158 ;

A. V. Kotikov, Differential equations method: The Calculation of vertex type Feynman

diagrams, Phys. Lett. B 259 (1991) 314 ;

A. V. Kotikov, Differential equation method: The Calculation of N point Feynman diagrams,

Phys. Lett. B 267 (1991) 123 ;

E. Remiddi, Differential equations for Feynman graph amplitudes, Nuovo Cim. A 110 (1997)

1435 [hep-th/9711188] ;

M. Caffo, H. Czyz, S. Laporta and E. Remiddi, Master equations for master amplitudes, Acta

Phys. Polon. B 29 (1998) 2627 [hep-th/9807119] ;

M. Caffo, H. Czyz, S. Laporta and E. Remiddi, The master differential equations for the

2-loop sunrise selfmass amplitudes, Nuovo Cim. A 111 (1998) 365. [hep-th/9805118].

[23] J.A.M. Vermaseren, Symbolic Manipulation with FORM, Version 2, CAN, Amsterdam, 1991

New features of FORM [math.ph/0010025].

[24] G. ’t Hooft and M. J. G. Veltman, Regularization and renormalization of gauge fields, Nucl.

Phys. B 44 (1972) 189.

[25] S. A. Larin, The Renormalization of the axial anomaly in dimensional regularization, Phys.

Lett. B 303 (1993) 113 [hep-ph/9302240] ;

W. Bernreuther, R. Bonciani, T. Gehrmann, R. Heinesch, T. Leineweber and E. Remiddi,

Two-loop QCD corrections to the heavy quark form factors: Anomaly contributions, Nucl.

Phys. B 723 (2005) 91 [hep-ph/0504190].

[26] D. J. Broadhurst, The master two loop diagram with masses, Z. Phys. C 47 (1990) 115 ;

D. J. Broadhurst, J. Fleischer and O. V. Tarasov, Two loop two point functions with masses:

Asymptotic expansions and Taylor series, in any dimension, Z. Phys. C 60 (1993) 287

[arXiv:hep-ph/9304303] ;

J. Fleischer, A. V. Kotikov and O. L. Veretin, Analytic two-loop results for selfenergy- and

vertex-type diagrams with one non-zero mass, Nucl. Phys. B 547 (1999) 343

[hep-ph/9808242] ;

M. Y. Kalmykov and O. Veretin, Single-scale diagrams and multiple binomial sums, Phys.

Lett. B 483 (2000) 315 [hep-th/0004010] ;

A. I. Davydychev and M. Y. Kalmykov, New results for the epsilon-expansion of certain one-,

two- and three-loop Feynman diagrams, Nucl. Phys. B 605 (2001) 266 [hep-th/0012189] ;

A. I. Davydychev and M. Y. Kalmykov, Massive Feynman diagrams and inverse binomial

sums, Nucl. Phys. B 699 (2004) 3 [hep-th/0303162] ;

– 19 –

http://arxiv.org/abs/hep-ph/9602417
http://arxiv.org/abs/hep-ph/0102033
http://jhep.sissa.it/stdsearch?paper=07%282004%29046
http://arxiv.org/abs/hep-ph/0404258
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB100%2C65
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB192%2C159
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB580%2C485
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB580%2C485
http://arxiv.org/abs/hep-ph/9912329
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB254%2C158
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB259%2C314
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB267%2C123
http://arxiv.org/abs/hep-th/9711188
http://arxiv.org/abs/hep-th/9807119
http://arxiv.org/abs/hep-th/9805118
http://arxiv.org/abs/math.ph/0010025
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB44%2C189
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB44%2C189
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB303%2C113
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB303%2C113
http://arxiv.org/abs/hep-ph/9302240
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB723%2C91
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB723%2C91
http://arxiv.org/abs/hep-ph/0504190
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB547%2C343
http://arxiv.org/abs/hep-ph/9808242
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB483%2C315
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB483%2C315
http://arxiv.org/abs/hep-th/0004010
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB605%2C266
http://arxiv.org/abs/hep-th/0012189
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB699%2C3
http://arxiv.org/abs/hep-th/0303162


J
H
E
P
0
1
(
2
0
0
7
)
0
2
1

R. Bonciani, P. Mastrolia and E. Remiddi, Vertex diagrams for the QED form factors at the

2-loop level, Nucl. Phys. B 661 (2003) 289 [Erratum-ibid. B 702 (2004) 359]

[hep-ph/0301170] ;

R. Bonciani, P. Mastrolia and E. Remiddi, Master integrals for the 2-loop QCD virtual

corrections to the forward-backward asymmetry, Nucl. Phys. B 690 (2004) 138

[hep-ph/0311145].

[27] C. Anastasiou, S. Beerli, S. Bucherer, A. Daleo and Z. Kunszt, Two-loop amplitudes and

master integrals for the production of a Higgs boson via a massive quark and a scalar-quark

loop, hep-ph/0611236.

– 20 –

http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB661%2C289
http://arxiv.org/abs/hep-ph/0301170
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB690%2C138
http://arxiv.org/abs/hep-ph/0311145
http://arxiv.org/abs/hep-ph/0611236

